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I. INTRODUCTION 



In view of the close connection of black hole radiation and acceleration radiation [1-3] 
it is reasonable to expect that some of the difficulties regarding the former case, could be 
mirrored and examined on the latter simpler problem. In particular, it can be anticipated 
that the modifications of the Unruh effect due to the detector's recoil and the quantum 
smearing may have similar consequences for the Hawking effect. 

Surprisingly, since the work of Unruh P] two decades ago, this problem has attracted 
little attention. In his original paper 0], Unruh suggested a two-field model for a finite 
mass particle detector. Two scalar fields and Xm 1 , of masses M and M' = M + Q, 
respectively, were taken to represent two states of a detector. When the coupling to a scalar 
field (f) is given by e^xw^ m-, "excitation" of this detector corresponds to a detection of a 
particle of energy Q. 

The two-field model was used recently by Parentani [|J to study the consequences of recoil 
and smearing on the Unruh effect. In this work two charged scalar fields where accelerated by 
means of a classical constant external electric field. The transition amplitude was obtained 
to first order in the coupling. Parentani showed that when the recoil and smearing are taken 
into account, up to Q/M corrections, the transition amplitude is modified only by a phase. 
Therefore, to this order the thermal distribution and the Unruh temperature are unmodified. 
The new aspect that Parentani emphasized was the appearance of an additional phase in the 
transition amplitude which generates decoherence in successive emissions by the detector. 

In this article we shall present an alternative first quantized treatment and rederive 
Parentani's result. We shall be studying the same problem of a finite mass particle detector 
in a constant electric field, but we use a different toy model. The accelerating detector is 
described as a first quantized, charged, point-like particle in a constant electric field with 
internal energy levels. A quantum version of (canonically conjugate) future and past Rindler 
horizon operators can be introduced ||, which facilitate the calculation of the transition 
amplitude and provides a simple intuitive physical picture of the recoil. 
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The model is then used to obtain the transition amplitude. In the zeroth order, neglecting 
fl/M correction, we recover Parentani's result of an unmodified exact thermalization in the 
Unruh effect. The phase found in Qj, that induces decoherence effects, is also obtained. In 
our approach, the phase is directly obtained by acting on the wave function with the horizon 
shift operator which induces the recoil. 

The article is organized as follows. In Section 2. we introduce our model for an ac- 
celerated particle detector and construct the Rindler horizon operators. In Section 3, the 
transition amplitude is calculated and the result compared with that of ref. @]. The recoil 
and quantum smearing are explicitly manifested in Section 4, and a qualitative simple pic- 
ture of the recoil in terms of the shifting operators is demonstrated. In the following we 
adopt the units in which h = kg = c = G=l. 



II. ACCELERATED DETECTOR WITH FINITE MASS 

In this section we present a model for a particle detector of finite mass which takes into 
account also the quantum nature of the detector's trajectory. 

Consider a particle detector of rest mass M and charge q in a constant external electric 
field E x in 1 + 1 dimensions. Let us describe the internal structure by a harmonic oscillator 
with a coordinate rj and frequency Q. The internal oscillator is coupled to a free scalar field 
<f). The total effective action is 

S = -M J dr-qE x J Xdt + ^J(^) 2 -nW)dr + j {X(t{r)), t(r))dr + S F . (1) 

Here, r is the proper time in the detector's rest frame, X is the position of the detector, 
go is the coupling strength with a scalar field <fi and Sf is the action of the field. Since we 
would like to describe the back reaction on the trajectory let us rewrite this action in terms 
of the inertial frame time t. The action of the accelerated detector is then given by 



J[(-M - g V<P(X, tj) y/l-X* - qE x X]dt + 1 J [ 1 (^) 2 - y/l - X*tfr? 



dt. (2) 
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This yields a simple expression for the Hamiltonian of the total system with respect to the 
inert ial frame: 

H = yJP* + M? ff - qE x X + Hp, (3) 

where the effective mass M e ff is given by 

M ef f = M + ±(n 2 + Sh?) + gw<KX), (4) 

and n v = ^ = f\j\j\ — X 2 . The validity of our model rest upon a the assumption that the 
Schwinger pair creation effect can be neglected for our detector. 

Since the Schwinger pair creation process is damped by the factor exp(— 7iM 2 /qE x ) this 
implies the limitation M 2 > qE x . Notice that since the acceleration is a = qE x /M, this 
implies that M > a = 2nTu. In the following we set E x — 1 for convenience. 

To obtain a quantum mechanical model we simply need to impose quantization conditions 
on the conjugate pairs X, P and rj, n eta and use the standard quantization procedure for the 
scalar field. It is convenient to introduce internal energy level raising and lowering operators 
A' and A. The harmonic oscillator Hamiltonian can then be replaced by fM^A = QN and 
the internal coordinate by rj = i(A^ — A)/v / 2T2. This form can also be used in other, more 
general cases, however the simple commutation relation [A, A^] = 1 in the case of a harmonic 
oscillator, needs to be modified accordingly. 

So far we have not imposed a limitation on the coupling strength g . In the case of small 
coupling g (t) = e(t) the Hamiltonian can be written to first order in e(t) as 

H = H D -qX + H F + El (5) 

Here 

H D = H D (P, N) = ^P 2 + (M + nA^A) 2 (6) 
is the free detector Hamiltonian, Hp is the free field Hamiltonian 

H F = \J dx'[Ul + (V0) 2 + mj0 2 ], (7) 
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and 

tf/ = ie(t){^,(AW)0(X,t)}, (8) 

where m N = M + Nil = M + QA^A and the anti-commutator, {A, B} = \{AB + BA), 
maintains hermiticity. We have also absorbed a factor of l/v2T2 in the definition of e(t). 
Comparing this interaction term with that used in the absence of a back-reaction we note 
that apart from the appearance of an anti-commutator there is also a new factor As 
we shall see, it corresponds to an operator boost factor from the inertial rest frame to the 
detector's rest frame. 

In the Hiesenberg representation the eqs. of motion for the detector's coordinates X and 
P are given by: 



X = ^-~ ie(t){^f, - A)d>(X)}, (9) 



P = q- Ht){j£, - AW(X, t)}, (10) 
where <j)' — We also have 

A=-i{H D)N+1 -H D)N )A-i[A,H I ], (11) 

and 

(□ - m})cf>(x,t) = i<t){^, - A)S(x - X)}. (12) 
In the zeroth order approximation (e = 0) the solution of eqs. (p|-p7T|) is 

X(°\t) = X + -\H D (t) - H D {to)], P {0) (t) = P + q{t - t ), (13) 



H^it) = ^(P + q{t - to)) 2 + (M + QAlA o y, (14) 

and 

A<-°\t) = exp\-t I\h DM)+1 - H D>No )dt'}A . (15) 



Here the subscript was used to denote the operator at time t = t and the superscript to 
denote the zeroth order solution. To simplify notation we shall drop the superscript. Notice 
that iVo = AqAo is a constant of motion in the zeroth order approximation. 
It is now useful to introduce a proper time operator r(t): 

T{t)= M + MA q{ t-t ) + P 0] 

W q L M + VLA^A J V ; 

The factor (M + Q.A^A)/H D = m N /H D = % appearing in the coupling to the field (eq. 8) 
can therefore be interpreted as an operator boost factor ^jp-, from the inertial frame to the 
detector's rest frame. Notice that r depends only on P and N. 

In terms of the proper time operator, the detector's trajectory can be simplified to: 

t — to — T = - sinh ar, (17) 
a 

X — Xo = — cosh ar, (18) 
a 



where 



T = -^ Xo = -^^, (19) 
q q 

and the acceleration a is given by the operator 

a = aN = ^ 71 ; = • (20) 

M + VLA^A m N v ; 

The operators T and X determine the location of the Rindler coordinate system of the 
detector with respect to the Minkowski coordinates (t, x). The space-time location of the 
intersection point of the future and past Rindler horizons is given by (—to — T , — X ). Since 

[X ,f ]= 1 -, (21) 

the location of this space-time point becomes quantum mechanically smeared. 

Another set of useful operators |J we shall introduce is that of the location of the future 
and past Rindler horizons Ti, + and H_, respectively. They can be found from the relations 
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We find 



and 



H+(t) = \imX(t), HJt)= lim X(t). (22) 

t— >oo t— >— oo 



H + (t) = -f + X + (t - t ) = ^ - (23) 



= T + X - (t - t ) = -?<&- (24) 

q q 



Therefore we can express X(t) as 



X(t) =H + (t) + -e- aT H + (t), (25) 

a 



and 



X(t) =H-(t) + -e aT H-(t). (26) 

In terms of Ti±, the Hamiltonian of the detector in an external electric field has the simple 
form: 

H D -qX = -l(H + + H-). (27) 

Finally, 7i± satisfy the commutation relation: 

[H-,H+)=2- (28) 
q 

Examining eqs. (|21|) and (|28), we notice that since g = aM, in the limit of constant 
acceleration but large mass, the commutators vanish as M~ l and the classical trajectory 
limit is restored. 



III. THE TRANSITION AMPLITUDE 



We shall now proceed to calculate the first order transition amplitude between the in- 
ternal energy levels n and n + 1 of the detector. To this end it will be most convenient to 
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use the interaction representation. The operators in this representation are the solutions 
of the free equations of motion given by ( JT^JT6|JT7|JT8| ) , and the wave function satisfies the 
Schrodinger equation 



(29) 



Given at t — to by the initial wave function |^o)j to first order in e the final state at time t 
is given by 



I /' e (t')\ m+ r ^ A ,i(A* - A)<t>(X,t') \dt' 



to 



H, 



D 



Wo)>- 



(30) 



Let us set initial conditions for the internal oscillator to be in the n'th exited state \n), 
and for the scalar field to be in a Minkowski vacuum state \0m)- The initial state of the 
total system is therefore given by \ty(t )) = \0m) <§) \n) ® \iPd), where \ipr>) denotes the 
space component of the detector's wave function. Using the solution (15) for A and A\ the 
transition amplitude can be expressed as: 



|¥(f)> = l*(*b)> - f fdt> 

1 Jtn 



to 

+ + 1) ( — e Jt o (j>{X n {t ),t) +e Jt o 4>{X n {t),t)— — 

-y/n\n-\)\— e Jt o <f>(X n [t),t)+e Jt o (p(X n (t),t)— — 

MD,n-l tiD n 



® |0m) ® 



(31) 



Here we used the notation AH n = Hc^ n — Hq^\. The subscript n (e.g. in X n (t')), means 
that we need to substitute the free solutions with N = n. In two dimensions the solutions 
for a free massless scalar field can always be separated into right and left moving waves, i.e. 
= 0lOO +4>r{U) where U = t — x, V = t + X. For simplicity we will limit the discussion 
to massless scalar fields and examine the solution only for right moving waves. Therefore, 
we substitute for </>: 



y/ATTU 



'e-** u a u + e w o!, 



(32) 



Using eqs. (|17| , |T8| , |23|) we find that on the trajectory of the detector the light cone coordinate 
U is given by 

1 



U\ D = t-X 



-H+o —t e 

a 



(33) 



Neglecting the constant phase factor exp(iuoto), the final state can be written as: 

dw /■* 



2 J ^JAtiuj Jt t 



dt' 



,n+l 



_J_ e — o. n r n \ 7Tl n 



-Vn\n - 1)( m "~ 1 e -iJ^H n dt" M-H+Qn-^e-^) iJ A H n dt" to(-«+0n-^e-«» 

,n-l 



(34) 



This is an exact result in the first order approximation in e. So far we have not introduced 
additional assumptions on M, Q or a n = q/m n . We shall now apply a large mass limit. We 
shall assume that 



M » a 



M' 



(35) 



This restriction is indeed equivalent to a suppression of the Schwinger pair production pro- 
cess. Since for the Unruh radiation we need only detector energy gaps with Q = 0(a/2ir), 
we also require 



m » n, 



(36) 



Under these assumptions let us proceed to simplify expression (|3~4]). 
First consider the term exp(/ AH n+1 dt): 

1 Q P 2 



i I AH n+1 dt' = iQ I 



1 + « 



2 m n Hl n 



+ 0(n 3 /M 3 ' 



i r 1 
iVtr n + -Q 2 



1 



r n - - tanh(a n r n ) + c(P ) + 0(Q 3 /M^ 

m n q J 



in(r n + \—r n - ^-(1 - 2exp(-2a n r n ))) + c(P ) + 0(fi 3 /M 3 ), 



2 m r 



2g 



(37) 



where c(Pq) is a constant, and in the last line we have used the large r approximation. 
This approximation is justified since the transition amplitude is dominated by contributions 
arising from integration over large r. In the following we shall hence neglect the exponential 
correction and the constant c(Pq) which gives rise only to an overall phase, and use the 
approximation: 



: f AH n+1 dt' = iQrJl + 

Jt v 



1 Q 

2 m„ 



(38) 



Next consider the exponential terms in ( [34]) which contain the horizon operator 7i+o- 
Only these terms maintain a dependence on the operator X as Ti+o = X + G(Pq), where 
G is a function of Pq only. Therefore, [7i+,Po] — i- Noting that the second term in the 
exponential depends only on P , and using the Campbell-Baker-Hansdorff identity yields: 



exp[-iu(H +0 + — e anTn )] = exp 



1 2 -a t m 

— are n n 



2q 



1 



— + 0{M- 2 af) exp(-^— e- a " T ") exp(-iuH +0 ) 

(39) 



Notice that the unitary operator e~ luH+0 generates the translation: p — > p + uo. This 
corresponds to a recoil of the detector and ensures total momentum conservation when the 
detector is exited and emits a Minkowski photon. 

Finally, we consider the boost operator: 



m n+1 



rrir. 



H. 



Since for large r 



D,n+1 



m. 



H 



Dm 



rrir. 



mz 



H 2 

n D,n 



+ o(n 2 /M 2 



(40) 



H DjTl cosh(a n r n ) 
we shall approximate this boost factor by 

m n+1 



2e 



Q(2e~ 3anTn ) 



(41) 



m r 



n 



(42) 



,n+l ,n 

We can now return to the transition amplitude ([33]) and for simplicity focus only on 
the amplitude A(u,n + l,p) = (l^n + l,p\^(t)). The indices u,n + l,p correspond to 
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the outgoing states of the photon, internal detector levels and to the detector's momentum, 
respectively. Using eqs. (p8|,|39|^) we find 



A(u,n + l,p ) = --J- / dt' — — -r-5 -+ tt " . (1 + — ) x 43 



H D ,n(Po + w ) H Djn (p 

<f> D (jp + u). 



'to 

1 fl \ 1 „ „ z 9 „^ m ra 



exp ( zfifl H )r n - icu — e anT ™ H uo*e 

V v 2m/ a n 2q H D>n , 

Here, 4>d(p) = (pI^d)- To obtain (B3J) we used a representation with 7i +0 and Pq as conju- 



gate operators, and used the unitary operator exp —iuH + o to generate translations in the 
momentum. At this point the transition amplitude is expressed as a c-number integral. 

Let us proceed to investigate this integral. For large t the phase 9 of the integrand can 
be approximated by 

9 = n(l + -—)r n - u—e- a " Tn + -to 2 e~ 2a " Tn . (44) 
v 2mJ a n q 

The stationary phase condition yield 

oj = -o(l - — + 0(tt 2 /M 2 )) e a " T ". (45) 

This can be compared with the case of a classical trajectory obtained by sending m — > oo. 
In the present case, the frequency at the stationary point is shifted by ^-e a " Tn , which is in 
agreement with ref. up to a numerical factor of 1/2. As long as — < 1, the correction is 
small and the saddle point frequency remains exponentially high. 

A second phase appears in the amplitude due to the shift in the momentum of the 
particle. Let the initial wave function of the detector be in an eigenstate of momentum, 
I^Ad) = \k). The horizon shift operator acting on the state yields 

e -io/H +0 |j^ _ e -iu)X e iu)T e -iu 2 /2q^ 
— e -i(uk+Lu 2 /2)/q e -iujX t] i; ,\ 

= e -<MW/2)/,| A ._^ ( 46 ) 

where in the first line we have used the Campbell-Baker-Hausdorff identity. The phase, 
{uk + u 2 /2)/q, is identical to that obtained by Parentani [|J, (the factor u> 2 /2 arises here 
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from the non-commutativity of Xo and To) . Here, the phase is directly obtained from 
the shift generated by the future horizon operator as a consequence of the recoil due to an 
emission of a scalar photon. This recoil is further discussed in Section IV. 



Next consider the recoil affects on the boost factor H ^ m ^, +UJ ) m ec L- (El)- ^he shift of 
p —>■ p + oj in this boost factor, is equivalent to a shift in time given by t — > t' = t + ^. In 
terms of the proper time (which is now a c-number) this correspond to the transformation 

r n - r' n = r n + -e-°» T » (47) 
Q 

For transitions with T n (t)—r n (t ) >> l/a n , this transformation does not modify the integral. 
Hence in terms of tL: 



m r 



drL 



H D , n (p + oj) dt ' 
The second, unshifted, boost factor can be expressed in terms of T' n as 



(48) 



m r 



+ — ) =^(l + —(n + uje- a "<)+0(n 2 /M 2 )). (49) 
H D ,n y m n ' at ^ m n > 

Hence by expressing the integral (^3j) in terms of r' n we find that the two terms are equal up 

to order 0(Q 2 /M 2 ) and an additional piece that (up to this order) vanishes at the stationary 

point (H). 

Expressing the phase in terms of r' we find 

9 = n(i + l±y n - f (i + -5-) e -« + o(n 2 /M 2 ). (so) 

id IIL n U n IIL n 

where the term involving ^ e ~ 2a n T n j n e q_ has dropped out and we are left only with 
the higher order corrections 0(Q 2 /M 2 ), which will be neglected. 
In terms of r' n the amplitude A(u, n + l,p) can be written as: 



/ rf<exp (in(l + l -—)r' n -iuUl + + ± 

J V v 2 m n ' a n K m n 1 J m n 



(51) 



where 



i=-( dr n (tt + uoe~ anTn ) exp(ifir„ - i— (1 + — )e" a " r ") (52) 
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For large r n , £ ~ an d the term i/m n can be neglected. 

Finally we obtain: 

A{u, n + l,p) = mf^MP + + — ))^T(-i%-^^ + 0(fi 2 /M 2 ), 

(53) 

where T is the Gamma function, and 

of = n(i + 1^-) = n(i + 1^) + o(fi 2 /M 2 ). (54) 

This transition amplitude seems similar to the Unruh amplitude obtained in the ab- 
sence of recoil and quantum smearing. Our amplitude agrees, (when Q/M corrections are 
neglected), with the result obtained by Parentani As we have already seen, the momen- 
tum dependent phase relevant to the decoherence process J3J, is also precisely obtained in 
our method (eq. p^ ). 

IV. RECOIL AND QUANTUM SMEARING 

The purpose of this section is to give a qualitative simple picture of the recoil. We shall 
show how this process can be simply expressed in terms of the effect of horizon shift operators 
on the detector's wave function. Since as we shall see, the recoil involves exponentially large 
shifts, in this section we can neglect the 1/M corrections. 

Let us re-state the results of the last section in a more qualitative way. For the case of 
a classical trajectory, it was shown by Unruh and Wald that if the detector is initially in 
the ground state then the final state can be written as 

|tf (*)) = |^(0)) - i\n = 1) ® a m \0 M ). (55) 

Here, is the annihilation operator of a quantum with frequency Q with respect to the 
Rindler coordinate system that is defined by the detector's trajectory. Using the well known 
relation of a^Q to Minkowski creation and annihilation operators au and a} M , they get 
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„— 7rf!/2a 

|*(f)> = |*(0)) -iC(Q,a)\n = I) {enn/a _ e ^ n/ay/ A ^ (56) 

where C is a normalization factor. Note that a\ { creates a positive frequency Minkowskian 
photon, which is not in a state of definite frequency uo. Qualitatively we can use the sta- 
tionary phase approximation eq. ( f44|) to relate the typical frequency of this photon to the 
time of emission r. 

We can now use the result obtained in the last section to replace eq. fl56|) with 

|*(t)> = |n = 0,V D ,0 M ) 

p — 7rf2/2a 

- an)|n = l) (eTii/fl _ e _^ )1/2 (e-^aU + e^a^) |0 M , ^) (57) 

Here we have restored the full coupling with the left and right moving waves. The 
operators a\in and a]^ L , correspond to creation operators of right and left moving waves 
respectively. This equation can be easily generalized to the case of transitions between any 
two levels n to n + 1, as well as to the case of de-excitations. We have assumed that the 
scalar field is massless. However, for a massive field we simply need to replace e~ iHfn+0 by 

The new feature of eq. fl57p is the insertion of the horizon shift operators exp(±iHpl-t±) 
which act on the wave function of the detector and of the scalar field. These shift operators 
generate correlations between the "emitted" Minkowski scalar photon and the trajectory of 
the detector. 

To illustrate these correlations, let us concentrate only on the left moving waves and 
express a MR in terms of creation operators of definite Minkowski frequency: 

o-mr = J f(u)alduj (58) 

Eq. (|5TD can now be written as 

\5V) = -iC'\n = 1} J dudh+e~ iu;h+ f(oj)ip(h + )\l lJ ) ® \h+). (59) 

Here we used a basis of TCo+- TL+\h + ) = h+\h+). We see that the recoil interaction generates 
correlations between the shift h + in the M-time of the right moving "emitted" Minkowski 
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photons with the "horizons states" \h+) of the detector. Therefore, the effect of "horizon 
smearing" yields, after emission, the final entangled state (|59|). In each component of this 
state, the Unruh effect is manifested, with the correction discussed in the previous section. 
Since the corrections do not depend on the uncertainty or the smearing Ah + of the future 
event horizon, the overall wave function still manifests the Unruh effect. 

In order to examine the effect of the emission on the detector we can re-write eq. ( |59|) 
by using as a basis the past horizon operator We obtain: 

\5\B) = -iC'\n + 1} J chjdh-f(u)^(h-)\l u ) <8> \h- - w), (60) 

where ip{hJ) = (h_\^5/ D ). Since TC± are conjugate operators, the operator exp — iuTC + has 
shifted the past horizon operator by uj. It is interesting to notice that the shift by uj of the 
past horizon can be exponentially large. In fact, from the stationary phase approximation 
we get that it is related to the time of emission r as: Q ~ fiexp(ar). Therefore a detection 
of a particle of energy Q generates an exponential shift in the location of the past horizon 
of the detector: 

Sh- = h_ out - h_ in ~ Q exp(ar) (61) 

The meaning of this shift is as follows. We can use the initial state ipi n to define the location 
h_ in of the past horizon. We can also use the final state if)f of the detector and by propagating 
it to the past (with the free Hamiltonian) determine the location h_ out . These two locations 
differ by an exponential shift. 

The propagation of a wave function to the past might seem strange. However the same 
phenomenon occurs if the detector is excited in the past at r < 0. In this case it emits a 
left moving Minkowski particle. We find that this induces an exponentially large shift in the 
location of the future event horizon operator 7i + : 

5h + = h +out - h^ in ~ fiexp(-ar) (62) 

The manifestation of the back reaction as an exponentially large shift is related to the 
method of 't Hooft and of Schoutens, Verlinde and Verlinde ||. In their case, infalling 
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matter into the black hole, induces an exponential shift of the time of emission of the 
Hawking photon in the future. The reason is that the Hawking photons stick so close to the 
horizon that even a small shift of the horizon still modifies the time of emission. In our case 
this exponential shift is related to the exponential energy of the emitted Minkowski photon. 
In both cases, the back reaction requires the existence of exponentially high frequencies in 
the vacuum. As in the case of Hawking radiation, a naive cutoff eliminates the thermal 
spectrum seen by the Unruh detector. 
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